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Non-Hermitian Hamiltonians provide a simple picture for analyzing systems with natural or in-
duced gain and loss; however, in general, such Hamiltonians feature complex energies and a cor-
responding non-orthonormal eigenbasis. Provided that the Hamiltonian has PT symmetry, it is
possible to find a regime in which the eigenspectrum is completely real. In the case of static PT -
symmetric extensions of the simple Su-Schrieffer-Heeger model, it has been shown that the energies
associated with any edge states are guaranteed to be complex. Moving to a time-dependent system
means that treatment of the Hamiltonian must be done at the effective time-scale of the modulation
itself, allowing for more intricate phases to occur than in the static case. It has been demonstrated
that with particular classes of periodic driving, achieving a real topological phase at high driving
frequency is possible. In the present paper, we show the details of this process by using a simple
two-step periodic modulation. We obtain a rigorous expression for the effective Floquet Hamiltonian
and compare its symmetries to those of the original Hamiltonians which comprise the modulation
steps. The PT phase of the effective Hamiltonian is dependent on the modulation frequency as
well as the gain/loss strength. Furthermore, the topologically nontrivial regime of the PT -unbroken
phase admits highly-localized edge states with real eigenvalues in both the high frequency case and
below it, albeit within a smaller extent of the parameter space.
I. INTRODUCTION
Parity-time (PT ) symmetry [1] was first introduced
as a fundamentally non-Hermitian extension of quantum
mechanics [2] and is now often used to model open sys-
tems [3–5] with symmetrically balanced loss and gain.
The primary feature of PT -symmetric systems is that up
to a critical strength of gain and loss, the non-Hermitian
system Hamiltonian has all real eigenvalues, and it shares
its eigenstates with the PT operator. Above this thresh-
old, pairs of complex conjugate eigenvalues form, break-
ing the PT symmetry.
Static systems with PT symmetry have been studied
for the past several decades [6–8], and have proven to
be experimentally achievable in a wide variety of set-
tings including waveguides [4, 5, 9, 10], optical resonators
[11, 12], electrical circuits [13], mechanical systems [14],
and atomic systems [15]. While these static systems pro-
vide ample grounds to explore many of the basic proper-
ties of PT -symmetric systems, they have several draw-
backs. Chiefly, for extended systems, gain is difficult
to implement in a way which exactly balances the loss,
which often has its origins in the natural coupling of the
system to its environment. For this reason, it is often con-
venient to transform a PT -symmetric system to a loss-
only one, which can be more easily implemented. Exper-
imentally, large arrays of optical waveguides have proven
to be useful in the study of these “lossy” PT -symmetric
systems [9, 10].
Building on this theory, a lattice model was proposed
by Rudner and Levitov [16] to study topology in a PT -
symmetric system. This model is a natural extension
of the Hermitian Su-Schrieffer-Heeger (SSH) model [17],
a simple one-dimensional dimer lattice which exhibits a
well-known topological transition and topologically pro-
tected mid-gap edge states [18]. The model of Rudner
and Levitov also exhibits many of these qualities; how-
ever, the associated energies of the localized edge states
are pure imaginary, so that they are dynamically unsta-
ble [19]. Despite this, the topological transition in this
model is well-defined [20–22] and has been experimen-
tally observed [9].
In the present paper, we study a time-periodic (Flo-
quet) system [23] which is fashioned after that of Rud-
ner and Levitov [16], but with a modulated gain and loss
rate [24–27]. A similar system has previously been shown
to exhibit an entirely real spectrum in the high-driving-
frequency regime [28]. According to the Floquet theory,
the long-time dynamics of such a time-dependent system
cannot be determined by examining a single static sys-
tem; rather, we may introduce an effective static system,
which is determined by the evolution over one period of
the modulation [23, 29]. The introduction of the periodic
time dependence allows states which are dynamically un-
stable in the static case to be stabilized by the periodic
modulation while introducing a novel topology unique to
Floquet systems [30, 31].
We begin, in Sec. II, with a quick overview of the topo-
logically relevant, Hermitian SSH model in Sec. II A, af-
ter which we discuss, in Sec. II B, the static model pro-
posed by Rudner and Levitov [16] which is its exten-
sion. We also provide a quick discussion of the anal-
ysis of this model in momentum space in Sec. II C. In
Sec. III, we introduce the Floquet driving of the PT -SSH
model. We begin with a discussion of the Floquet the-
ory in Sec. III A, followed by an analytical treatment in
Sec. III B, and an analysis of the edge states in Sec. III C.
Finally, in Sec. IV, we conclude with a brief discussion of
the merits of our model.
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FIG. 1. We show, for reference, the energy bands of the static
SSH model plotted against the changing lattice parameter
v/vT . In the smaller inset, we show the wavefunction ampli-
tudes of the two edge states with the eigenvalues E = 0 and a
bulk state with E = −J (plotted against each spatial site on
the horizontal axis) for the parameterization corresponding to
v/vt = 0.25 (which is indicated by the vertical dashed red line
in the larger plot). The edge states are highly localized to the
left and right of the graph (red and blue), while the amplitude
profile for a bulk state is highly delocalized (dark-gray).
II. THE STATIC PT -SSH MODEL
We first briefly review the relevant results of the static
PT -SSH model. To understand this non-Hermitian
model, we begin with the Hermitian SSH model [17] in
Sec. II A, which is a simple dimer lattice with alternat-
ing couplings. Then, in Sec. II B, we add to this a PT -
symmetric extension [9, 16] which attempts to respect
the lattice symmetry.
A. The SSH Model
The starting point for our study is the Su-Schrieffer-
Hegger (SSH) model [17], a one-dimensional dimer chain,
the bulk of which is described by the Hermitian tight-
binding Hamiltonian
HSSH =
∑
m
(v|m,A〉〈m,B|+ w|m,B〉〈m+ 1, A|) + h.c.
(1)
with intra-dimer coupling v and inter-dimer coupling w,
both real-valued quantities. Each dimer cell is labeled
m with sub-lattice labels A and B. We further impose
open boundary conditions with m ranging from 1 to M
and the summation of Eqn. (1) cut off appropriately so
that there are exactly M complete dimers.
We explore parameterizations of this model in terms
of its intra-dimer coupling v by defining the scale of rele-
vant coupling frequencies vT ≡ v+w. Specifically, along
the parameter range v/vT ∈ [0, 1], the couplings range
+iγ −iγ
FIG. 2. Depiction of the PT -SSH lattice with intra-dimer
coupling v and inter-dimer coupling w. The gain site (+iγ) is
indicated by the red color, and the loss site (−iγ) is indicated
by the blue color. Each pair of sites A and B (red and blue)
comprises a full unit cell (labeled by m). Inside the cell, the
sites are coupled by v, and the cells themselves are coupled
by the alternate parameter w. We define the coupling scale
by vT = v + w.
between two fully dimerized limits (v, w) = (0, vT ) and
(v, w) = (vT , 0).
In Fig. 1, we see that the bulk energy bands are gapped
by ∆E = 2|v − w|, so that at exactly v = w, namely
the uniform lattice, the gap closes. Due to the topolog-
ical nature of the lattice, when v < w, or equivalently
v/vT < 0.5, the boundary condition of the lattice intro-
duces a pair of protected edge states (see the inset of
Fig. 1), and the lattice exhibits a topologically nontriv-
ial phase, as can be seen by the presence of the mid-gap
zero-energy eigenvalue. However, when v > w, or equiv-
alently, v/vT > 0.5, these states are absorbed into the
bulk.
At the dimerization limits v/vT → 0 and v/vT → 1,
we can easily inspect the topological nature of the real-
space Hamiltonian. In the case of v = 0, both edges of
the system are completely decoupled from the bulk of the
system, resulting in two zero-energy eigenvalues given by
the states |1, A〉 and |M,B〉, which are exactly localized
on either edge of the system. In general, moving away
from this limit, the edge states remain localized, as is
demonstrated in the inset of Fig. 1, until the gap closes
at exactly v/vT = 0.5. In the other limit, when v/vT = 1
(w = 0), the unit cells are completely decoupled from
each other. Its eigenstates are given by the direct prod-
ucts of independent dimers, and hence, no zero-energy
edge states exist. Away from this limit, the dimers couple
with each other, but the edge states remain nonexistent
until the gap closes at v/vT = 0.5.
B. The PT -Extended SSH Model
A non-Hermitian extension of this model was proposed
by Rudner and Levitov [16]. In this model, an additional
PT -symmetric component which is local to each dimer
is added to the original SSH model,
HPT = HSSH + iγ
∑
m
(|m,A〉〈m,A| − |m,B〉〈m,B|) ,
(2)
as depicted in Fig. 2, where γ is a real parameter that
controls the gain and loss rate in the system.
In this case, the Hamiltonian is no longer Hermitian,
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FIG. 3. Depiction of the complex energy spectrum of the PT -extended SSH model with fixed gain/loss rate γ/vT = 0.25. In (a)
and (e), we show the real and imaginary parts, respectively, of the energy spectrum as a function of the configuration parameter
v/vT . The vertical dashed lines correspond to the six values of v/vT highlighted by (b)-(d) and (f)-(h). In panels (b)-(d), we
show the complex energy spectrum of the Hamiltonian for configurations having v/vT < 0.5; each complex energy corresponds
to a complex coordinate which is colored according to its IPR (from blue at zero to red at one). Specifically v/vT = 0.25 in
(b), v/vT = 0.35 in (c), and v/vT = 0.45 in (d). In panels (f)-(h), we show the complex energy spectrum for configurations
having v/vT > 0.5, with v/vT = 0.55 in (f), v/vT = 0.65 in (g), and v/vT = 0.75 in (h).
and the energy eigenvalues may take on imaginary com-
ponents. In Fig. 3, we show the energies in the complex
plane as a function of v/vT [22]. In Fig. 3 (b)-(d), we
observe the presence of non-bulk states (red), although
they are pure imaginary. Between (c) and (d), the bulk
states pick up imaginary components and begin to ex-
tend towards the isolated states on the imaginary axis.
In Fig. 3 (f)-(h), we observe the recession of the imagi-
nary bulk states from (f) to (g); in (g), a gap begins to
open between the purely real bulk bands, but the edge
states are removed.
In order to see whether the states are localized or ex-
tended, we can also calculate the inverse participation
ratio (IPR) for each state; the IPR, defined by
IPR(ψ) =
∑
m
|ψm|4 , (3)
is a measure of the extent to which a given state is lo-
calized. For the states indicated by blue dots in Fig. 3
(f)-(h), the IPR is small ≤ 0.02, whereas for the states
with dark gray dots in (d), the IPR is ≈ 0.20, and for the
edge states indicated by red/yellow states in (b) and (c),
the IPR is large ≈ 0.55 (yellow) in (c) and ≈ 0.80 (red)
in (b). It is immediately clear that the localized modes
are the ones which lie in the imaginary plane and they
are complex conjugates.
Moving away from these limits, to the full domain of
v and w, this model was found (under the appropriate
imaginary guage transformation) to admit a topological
invariant which is quantized to 1 for v/vT < 0.5, and 0
for v/vT > 0.5 [16, 20]. This invariant consists of a global
integration over space and time, and is not associated to
the upper or lower bands as is the case in the Hermitian
SSH model [16, 22]. While there has been much discus-
sion [16, 20, 22, 32] as to the nature of the topology of
this and other non-Hermitian models, we focus our effort
on the presence (or absence) of dynamically stable edge
states.
In light of this, the PT -extended SSH model does not
have a topological phase with dynamically stable edge
states [19]; when v/vT < 0.5, the edge states are inher-
ently robust against perturbations in v, and separately,
when γ < |v − w|, where the energy spectrum is entirely
real (possessing unbroken PT symmetry), the system is
dynamically stable; however, these two features do not
coexist in this extended model. In the case where there
are localized edges states, we can see that the system
always has a pair of imaginary eigenvalues which corre-
spond to the topological states; and thus the topological
states are inherently dynamically unstable.
C. Momentum Space Analysis
Considering just the bulk of the system, let us neglect
the boundaries for the moment. For a given intra-dimer
coupling v and gain/loss strength γ, the bulk Hamilto-
nian is block-diagonal in momentum space, with each
block corresponding to a value k ∈ [−pi, pi) having the
form
HPT (k) = (v + w cos k)σx + (w sin k)σy + iγσz , (4)
4where σi are the Pauli matrices. Therefore, each block in
momentum space effectively represents a two-site system
with a complex, k-dependent coupling. Furthermore, in
a rotated frame which changes with k, we may write
H ′PT (k) = r(k)σx + iγσz , (5)
where
r(k) =
√
v2 + w2 + 2vw cos k (6)
is real and takes values between |v − w| and v + w over
the range of k. The rotation of the frame is given by
HPT (k) = e−iσzφ(k)/2H ′PT (k)e
iσzφ(k)/2 , (7)
where we have defined the angle
φ(k) = tan−1
w sin k
v + w cos k
. (8)
The eigenvalues of the matrix of Eq. (5) are E(k) =√
r2(k)− γ2, which indicates that when γ ≤ |v − w|,
E(k) is real over the entire range of k.
Thus, we may determine the time development under
the real-space matrix HPT in terms of the time devel-
opment of H ′PT (k) and we focus our attention to the
k-space evolution. The time-evolution operator for the
kth rotated block reduces to
GPT (k, t) = e−iH
′
PT (k)t
= cos[E(k)t] I − i sin[E(k)t]H
′
PT (k)
E(k)
, (9)
where I is the 2 × 2 identity matrix. It is important to
note that the quantities cos[E(k)t] and sin[E(k)t]/E(k)
are always real even when γ > r(k) because E(k)2 is real.
III. THE FLOQUET-DRIVEN PT -SSH MODEL
It has previously been discovered by Yuce [28] that
periodic temporal (Floquet) modulation can provide a
means to completely restore stability to the topologically
nontrivial phase in the high-driving frequency regime. In
this paper, we propose a concrete, exactly-solvable, two-
step modulation which will allow us to gain insights into
this process of stabilization and explore regions of stabil-
ity below the high-driving frequency. Furthermore, uti-
lizing the simplicity of the model, we seek to identify the
underlying symmetry. This setup has also proved to be
experimentally beneficial as it only requires control of the
gain or loss in pulsed fashion [26].
Consider the following two-step time sequence for 0 ≤
t < T , where T is the period of modulation,
H(t) =
{
HPT 0 ≤ t < T/2 ,
H˜PT T/2 ≤ t < T , (10)
with HPT being the Hamiltonian (see Eq. (2)) of the
static PT -extended SSH lattice described in Sec. II B,
while H˜PT is the Hamiltonian of HPT with the sign of γ
inverted to −γ. This corresponds to a periodic modula-
tion of the gain/loss strength which instantaneously in-
terchanges the location of gain and loss, γ, at each step.
In fact, we can say that H˜PT is the time-reversed version
of HPT , as in H˜PT = T HPT T = H∗PT .
A. Floquet Analysis
According to the Floquet Theorem, the time evolution
operator of a periodically driven system can be written
G(t) = P (t)e−iHF t , (11)
where the matrix P (t) is periodic with the same fre-
quency as the driving, while HF is a constant matrix
known as the effective Floquet Hamiltonian. Thus the
long-term dynamics of the evolution are determined com-
pletely by HF ; further, at stroboscopic times nT , for any
integer n, P (nT ) is the identity because G(0) = P (0) =
I. Consequently, the system is dynamically unstable
when at least one eigenvalue of HF (k) has an imaginary
component, which results in exponential growth or decay
in the long-term evolution of the system.
For a two-site Hamiltonian
H2 = Jσx + iγσz , (12)
where J is a real coupling parameter, similar Flo-
quet PT -symetric models have previously been stud-
ied [24, 25] and found to exhibit a rich PT -phase di-
agram featuring re-entrant PT -symmetry breaking de-
pending on the driving frequency ω ≡ 2pi/T . As is
shown in Fig. 4(a), at specific driving frequencies, i.e.
ω/J = 2, 2/3, 2/5, . . ., the PT symmetry of the system is
broken for any nonzero value of γ (i.e. the PT -threshold
is zero at these locations). The periodic modulation at
these driving frequencies is in resonance with the natural
coupling frequency of the two-site system, namely 2J .
Utilizing the similarity between Eq. (5) and Eq. (12),
we can explore the PT -phase diagram of the Floquet
PT -SSH model. In this case, as seen in Fig. 4(c),
the resonance points occur for each value of k at, i.e.
ω/r(k) = 2, 2/3, 2/5, . . ., with r(k) as defined in Eq. (6),
and there is an apparent broadening of the zero-PT -
threshold regime. In this case, the PT -phase diagram
can be thought of as the composition of the two-site case
of Fig. 4(a) for multiple scaling values r(k) determined
by the allowed momenta k replacing J in Eq. (12). The
vertical dashed lines are placed at the resonance frequen-
cies of the two-site case, demonstrating that they corre-
spond to the two-site scaled system with the choice of
r(k = 0) = vT .
We can also analyze this model over a range of coupling
parameters v with a fixed value of gain/loss parameter
γ, as is done in both Fig. 4(b), (d), where we show the
PT phase in a sweep along the lattice parameter v with
driving frequencies ω increasing from bottom to top. For
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FIG. 4. The PT phase diagrams for the Floquet PT -symmetric systems discussed in Sec. III. In each figure, the magnitude of
the maximum imaginary eigenvalue is plotted over a plane in parameter space, where the color indicates increasing magnitude
(thus, the black regions indicate PT -symmetric phases). As a visual aid, a solid line has been added which outlines the border
between the PT -symmetric and PT -broken phases. (a) The phase diagram for the two-site system of Eq. (12), over a range
of gain/loss parameters γ and driving frequencies ω. (b) The phase diagram for the 40-site Floquet PT -extended SSH driven
between γ/vT = 0.5 and γ = 0 over a range of driving frequencies and couplings v/vT . (c) The phase diagram over the ω-γ
plane as in (a), but for the 40-site Floquet PT -extended SSH model driven by swapping the gain (+iγ) and loss (−iγ) sites
and with fixed coupling v/vT = 0.2. (d) The phase diagram for the same system of (c), but in the v-ω plane with gain/loss
magnitudes fixed at γ/vT = 0.2. The dashed red lines in (c) and (d) indicate a portion of the PT -phase with equivalent
parameter values. In each panel, the dashed white lines indicate locations of the first three resonances ω/vT = 2/n (ω/J = 2/n
in the two-site case) with n = 1, 3, 5. Note that there are additional resonances between these in the asymmetrically driven
case of panel (b).
comparison to the previous two-site experimental studies
[26, 27], in Fig. 4(b), we modulate the system between a
PT -symmetric one (γ > 0) and a Hermitian one (γ = 0),
instead of the modulation of Eq. (10). In this case, when
v/vT < 0.5, we see that the PT symmetry is always
broken, as is expected by the presence of edge states with
pure imaginary eigenvalues.
Similarly in Fig. 4(d), we modulate the Hamiltonian
between opposing PT -symmetric systems as in Eq. (10).
Note that since Fig. 4(c) and (d) have the same driving
type, there is correspondence between the two graphs,
which we have demonstrated by the vertical dashed line
in (d) and the horizontal dashed line in (c). We observe
that in this case, when v/vT < 0.5, regions of unbro-
ken PT symmetry may arise (corresponding to the black
areas of the plot). Above the high driving-frequency
threshold, we see that the spectrum is completely real
for all coupling choices, and thus resembles the Hermi-
tian SSH model, in accordance with the previous study
[28]. We reveal that, even below this threshold, there are
other regions of PT -symmetry with v/vT < 0.5, which
arise just above the corresponding driving-frequency res-
onance points and which still retain localized edge states.
These resonance points are highlighted by the dashed
white lines.
6B. Analytical Result
To better understand the topology and stability, we
wish to analytically explore the effective Floquet Hamil-
tonian. Because the time dependence is a simple two-step
function, the time evolution of the system over one pe-
riod of driving is the product of the propagators for the
static Hamiltonians associated with each step:
G(T ) = e−iH˜PT τe−iHPT τ , (13)
where we introduced the shorthand τ ≡ T/2.
Thus, we move to the momentum space, where each
2×2 block, as in Eq. (4), of the Hamiltonian associated
with momentum k is independent. Therefore we may
define a rotation which rotates each corresponding sub-
space around the z-axis such that we can identify the
k-dependent rotated Hamiltonian,
H±(k) = r(k)σx ± iγσz = ~λ±(k) · ~σ , (14)
where HPT (k) = H+(k) and H˜PT (k) = H−(k) corre-
spond to the two steps of the Floquet sequence, while ~λ±
are the vectors [r(k), 0,±iγ]T respectively (with T the
vectorial transposition operation) and ~σ = [σx, σy, σz]
T
is the Pauli vector such that H± = ~λ±(k) · ~σ. We may
write ~λ(k)± = E(k)λˆ±(k), where E(k) =
√
r(k)2 − γ2
is a (possibly complex) energy eigenvalue of both H±(k),
whereas λˆ±(k) is a (possibly complex-valued) unit vector.
Dropping the argument k from E(k) and ~λ±(k) for
convenience, we may then obtain the time evolution op-
erator for evolution of a rotated, k-space block, up to one
driving period T = 2τ ≡ 2pi/ω (with driving frequency
ω) Eq. (13):
G(T ) = (cosEτ − i sinEτλˆ+ · ~σ)(cosEτ − i sinEτλˆ− · ~σ)
=
(
cos2Eτ − sin2Eτ r
2 + γ2
E2
)
I
+ 2
r
E
sinEτ
(
cosEτxˆ− i γ
E
sinEτyˆ
)
· ~σ , (15)
where xˆ = [1, 0, 0]T , yˆ = [0, 1, 0]T are unit vectors and we
used the formula (~a ·~σ)(~b ·~σ) = (~a ·~b)I+ i(~a×~b) ·~σ. From
this form, we can easily identify the Floquet Hamiltonian
HF and its eigenvalues (up to arbitrary terms nω for
integer n) ±E in the form EHˆF · ~σ, where E is found by
solving:
cos(2Eτ) = 1− 2 sin2(Eτ) = 1− 2 r
2
E2
sin2Eτ , (16)
and HˆF is found from
sin(2Eτ)HˆF = 2 r
E
sinEτ
(
cosEτxˆ− i γ
E
sinEτyˆ
)
,
(17)
by utilizing the value of E found in Eq. (16). Then the
effective Floquet Hamiltonian is fully described by HF =
EHˆF .
By the form of Eq. (17), we see that HF can be written
HF = c
(
cosEτσx − i γ
E
sinEτσy
)
, (18)
with c ≡ (2E/ sin 2Eτ)(sinEτ/E). Restricting the
real part of E to [−ω/2, ω/2), we see that there are
only two cases to handle: either E is real, or, when
|(r/E) sinEτ | > 1, E = ω/2 + iη where η is real.
We see that when E is real, c is real, and HF has the
symmetries
σzHFσz = −HF , (19)
σxHFσx = H
†
F , (20)
σyHFσy = −H†F , (21)
which correspond to sublattice symmetry for Eq. (19),
pseudo-Hermitian symmetry for Eq. (20), and chiral sym-
metry respectively for Eq. (21); and consequently, the
Hamiltonian belongs to the non-Hermitian symmetry
class AIII according to Ref. [32].
When E is complex, so is c, and the latter two sym-
metries of Eqs. (20) and (21) are removed. However, as
previously mentioned, the solutions to Eq. (16) also ad-
mit the solutions E + nω for any integer n. Rather than
considering the eigenvalue pair ±E which correspond to
ω/2+iη and −ω/2−iη, we may consider a solution which,
for example, gives the complex conjugate pair ω/2 + iη
and ω/2− iη. An alternate form of HF which takes into
account this situation is
HF,s ≡ V
[
Esσz + ω
2
I
]
V −1 , (22)
where Es = E − ω/2 is the shifted eigenvalue and V is
the matrix of eigenvalues such that HF = EV σzV −1.
Importantly, when E is complex, Es is pure imaginary.
While this Hamiltonian is not traceless, as in Eq. (18),
it admits the pseudo-Hermitian symmetry of Eq. (20)
even when the eigenvalues are complex. Thus, for all
parameterizations of the model, the effective Hamilto-
nian can be seen to have this symmetry. Starting with
a Floquet-modulated PT -symmetric Hamiltonian, we
have obtained (in the Floquet picture) a non-Hermitian
Hamiltonian with pseudo-Hermitian symmetry [33].
C. Analysis of the Edge States
We also may analyze the fate of the edge states in the
Floquet-driven PT -SSH lattice.
For modulation between a PT -symmetric Hamiltonian
and a Hermitian one, as in Fig. 4(b), we find that the en-
ergy eigenvalues corresponding to the edge states lie in
the complex plane, and the system never has localized
edge states in the PT -symmetric phase. This is a result
of the inability for the imaginary parts of the associated
energies to balance one another during a single oscilla-
tion. Just as in the static PT -SSH case, the edge states
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FIG. 5. The complex energy spectrum of the Floquet PT -symmetric system of Sec. III as a function of v/vT , with driving
frequency ω/vT = 0.7 and gain/loss rate γ/vT = 0.2. The complex energies are plotted in the complex plane, with each
marker colored by its IPR (blue at zero to red at one). In panels (b)-(d), the spectrum of the Hamiltonian is shown on the
complex plane for specific configurations below the topological transition v/vT < 0.5, (b) v/vT = 0.1, (c) v/vT = 0.2 and (d)
v/vT = 0.4. (f)-(h) the complex energy spectrum above the topological transition v/vT > 0.5, (f) v/vT = 0.6, (g) v/vT = 0.8,
and (h) v/vT = 0.9. (a) and (e) the real and imaginary parts, respectively, of the energy bands as a function the configuration
parameter v/vT . The vertical dashed lines correspond to the six values of v/vT highlighted by (b)-(d) and (f)-(h).
which correspond to the resulting imaginary eigenvalues
occur when v/vT < 0.5 and are highly localized. In fact,
the result of the static PT -SSH model with gain/loss pa-
rameter γ is recovered identically in the high-frequency
regime when the Floquet driving is between γ1 = 2γ and
γ2 = 0, i.e. the average (γ1 + γ2)/2 is equal to γ.
In Fig. 4(d), we can see that in the case of PT -
symmetric to PT -symmetric driving, the same PT phase
diagram produces regions of dramatic stability within the
topologically nontrivial phase. In this case, the alterna-
tion of the source and drain allows for cancellation in a
single driving oscillation, i.e. the average of the gain/loss
parameter over one period is zero, thus protecting the
system from breaking the PT symmetry in the presence
of the edge modes. In this case, in Fig. 5, we see that the
result of the static SSH model can be recovered, where
the edge state corresponds to a real, zero-energy eigen-
value, and the system is simultaneously PT -symmetric
and has v/vT < 0.5.
In Fig. 5(b)-(d), we observe the presence of real, mid-
gap states (red/yellow). Between (b) and (c), the gap
closes, but remains real, and the edge states remain lo-
calized inside the bulk spectrum. Between (d) and (f),
the bulk states enter the imaginary portion of the com-
plex plane, but again the edge states remain real. In
Fig. 5(f)-(h) we observe the reversal of the changes from
(b)-(d), except that the edge state is removed; from (f)
to (g), the bulk spectrum becomes real again, and from
(g) to (h), a gap opens between the real bulk bands.
Specifically, for the complex energies depicted in
Fig. 5(b)-(d), the localization (IPR) of the corresponding
states is indicated by the color of each marker, with the
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FIG. 6. State amplitudes (by magnitude) of the Floquet PT
SSH model. In (a), we show an example with v/vT = 0.2, for
which it is clear that there exist localized edge states (shown
in blue and red) along with the typical bulk states (dark gray).
In (b), we show an example with v/vT = 0.8; we have plotted
the state with the highest IPR, to demonstrate that it is not
localized to either edge. In both cases, the driving frequency
is ω/vT = 0.7 and the gain/loss rate is γ/vT = 0.2
zero-energy edge states depicted with IPR ≈ 0.98 (red)
in (b), ≈ 0.88 (red) in (c), and ≈ 0.38 (yellow) in (d).
In Fig. 5(f)-(h), the highest corresponding IPR is below
0.01.
It is important to remember that the energy spec-
trum shown here is restricted to values which are between
±ω/2, and that this spectrum pattern can be repeated
infinitely along the real axis in both directions. We also
observe that the localized, zero-energy mode is present
even after the bulk gap has closed in the complex plane
and exists within the bulk.
In Fig. 6, we provide a specific example to demon-
8strate the localization of the edge states in this model.
In (a), we show the site amplitudes (by magnitude) of
the edge states as well as a bulk state for a realization
with v/vT < 0.5. Here, the localization of the left (blue)
and right (red) edge states is clear, while the bulk (dark
gray) remains highly delocalized. Similarly in (b), for a
realization with v/vT > 0.5, we show the site amplitudes
for the state with the highest IPR; we specifically note
the clear absence of localized edge states in this case.
IV. CONCLUSION
In conclusion, we have confirmed that Floquet modu-
lation is able to provide a stabilizing effect to the static
PT -SSH model by stabilizing the the edge modes. The
choice of modulation has nontrivial effects on the pres-
ence of the PT -symmetric phase. When the modulation
is kept PT symmetric for half a period and then Hermi-
tian for the other half, in the Floquet picture, we see that,
at high enough frequencies, the effective Hamiltonian has
an eigenspectrum reminiscent of the static PT -SSH lat-
tice with complex edge modes. However, when we drive
between a pair of time-reversed PT -symmetric lattices,
the high-frequency spectrum of the effective Hamiltonian
resembles that of the static Hermitian SSH lattice with
real and stable edge modes.
Above this high-driving frequency, the Floquet effec-
tive Hamiltonian has all real eigenvalues for all choices
of lattice parameter up to a critical gain/loss rate (the
PT -symmetry breaking threshold). Importantly, below
this high frequency regime, we find many other regions
of stability. Specifically, below the first resonance fre-
quency (ω/vT = 2) but above the second (ω/vT = 2/3),
there can exist a broad portion of the PT -phase diagram
which is still in the PT -unbroken phase and which has
real, zero-energy, localized edge states.
Finally, we stress that this model is amenable to
experimental implementation. Because of the simple,
temporally-periodic switching used as the driving pat-
tern, the burden of matching the gain/loss rates to a
smooth, continuous function is lifted. Possibilities in-
clude purely loss-only systems where the location of the
loss is alternated; after a simple imaginary gauge trans-
formation, such systems map directly onto the one we
have discussed here.
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